k-Coterie and Coterie Join
Operation

by Lawi Armin

Submission date: 19-Feb-2020 11:51AM (UTC+0700)

Submission ID: 1259987034

File name: Djunaidy_2019 _J. Phys._ Conf._Ser._1341_042020.pdf (708.33K)
Word count: 5733

Character count: 23241



?ournal of Physics: Conference Series

PAPER - OPEN ACCESS

k-Coterie and Coterie Join Operation

go cite this article: E Djunaidy et al2019 J. Phys.: Conf. Ser. 1341 042020

View the article online for updates and enhancements.

Bringing you innovative digital publishing with leading voices

to create your essential collection of books in STEM research.

This content was downloaded from IP address 180.254.180.174 on 19/02/2020 at 03:05




The 3rd International Conference On Science IOP Publishing
Journal of Physics: Conference Series 1341 (2019) 042020  doi:10.1088/1742-6596/1341/4/042020

k-Coterie and Coterie Join Operation

E Djunaidy'®, A Lawi?® and A K Amir*

123Mathematics Department, Hasanuddin University, Indonesia

“clisabetdjunaidy@gmail.com, Parmin@unhas.ac.id, ‘amirkamalamir@yahoo.com

Abstract. In distributed systems, quorum-based algorithms are used to access shared resources
in a mutually exclusive way because these algorithms are more resilient to process and
communication failures. Based on resource allocation, the quorum system for the mutual
exclusion problem is a coterie and the quorum system for the &-mutual exclusion problem is a k-
coterie. There are two types of coteries and k-coteries which are dominated and nondominated.
The availability of a coterie and a k-coterie need to be considered in an error-prone system.
Therefore, k-coterie and coterie join operation is presented to build a new larger k-coterie so that
the availability of a k-coterie increases. Through an analysis of availability is obtained that a k-
coterie C is nondominated if and only if for any probability p, the sum of the (&,1)-availability
and the (k, £)- dual availability of a coterie C equals one.

2

! Introduction

A distributed system i set of 12 processes that communicate by exchanging messages. This system has
shared resources that must be accessed in a mutually exclusive way. The process is said to be in the
criml section when the process is accessing resources. How to control access from a shared resource
so that at most one process in the critical section is an important problem known as the problem of
mutual exclusion (mutex). Quorum-based algorithms are used to achieve mutually exclusive access to
critical sections because this algggithm can tolerate process and communication failures. The basic idea
of a quorum-based algorithm is to collect permissions to form a quorum to enter the critical section.
M is guaranteed if there is only one quorum that can be formed at any instance [1].

La:m'um systems serve as a basic tool that provides a uniform and reliable way to achieve
coordinatiorm'ween processors in a distributed system. Quorum systems are defined by mfollowing
chronology. A set system is a collection of sets C = {Q4, ..., @y} under U = {w,, ..., 1y }. A set system
is said to satisfy the intersection properties if two sets of ;, Q; € C has a non-empty intersection.
The set system with intersectionperties is known as the quorum system, and the set in the system is
called the quorum. The quorum system is said to satisfy minimality property if every two sets is not a
subset of one another. The quorum system that has a minimum of properties is called coterie [2]. In
other words, coterie is a set system that has intersections and minimalitig Apart from intersection and
minimality properties, the coterie is extended with disjoint properties. A set system is said to satisfy the
mutually exclusion if every two sets in the system have empty intersections. So, a coterie that has at
most k disjoint set is called k-coterie. In resource allocation problems, a coterie is used for mutex
problem and k-coterie is used in the k-mutex problem.

In 198@FK5arcia-Molina and Barbara classified coteries into two types: dominated and nondominated
coteries. Nondominated coteries are more resilient to process and communication failures than
dominated coteries. Because the availability of distributed systems is better if nondominated coteries
are used. A function called a coterie transformation is defined to derive a new nondominated coterie

glﬂem from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
By of this work must maintain attribution to the author(s) apd the title of the work, journal citation and DOL

Published under licence by I0P Publishing Ltd 1




The 3rd International Conference On Science IOP Publishing
Journal of Physics: Conference Series 1341 (2019) 042020  doi:10.1088/1742-6596/1341/4/042020

from existing ones [3]. In 1992, Nielsen and Mizuno discussed coterie transformation of integrating
coterie where a new coterie can be constructed by replacing an element in quorum of the first coterie by
elements in a quorum in the second coterie [4]. In 2016, Ishak researched about how to construct
nondominated coteries using the join operation [5]. In 2018, the development of the research was how
the join operation may be applied in k-coterjiby Muhlis [6].

mT‘his study discusses about k-coterie and coterie join operation to construct a new larger k-coterie so
the availability of k-coterie increases. The availability -coterie needs to be considered in an error-
prone system because the highest availability of k-coterie 1s more resilient to process and communication
failures in a system.

2. Distributed Resource Allocation Problem
tributed resource allocation problem included in this study are gftex and k-mutex problems. A
mutex is a condition of ributed system where there is only one process can access the resource at
given time. While a k-mutex is a condition in the distributed system in which there are at most k
processes that can access the resource at any given time. So as to ensure the condition of mutex and k-
mutex problems used an algorithm based on a quorum.
In the mutex problem ied coterie scheme to ensure only one process can access the resource at
any given time. In which a process must obtain permission from all processes in a quorum of the coterie
to enter the critical section and each process does not give permission more than one process at any

given ti ince each two intersections of quorum has not empty, then more than one process cannot
enter the critical section at any given time.

In the k-mutex problem is used k-coterie scheme to ensure at most k p@Flesses that can access the
resource at any @ggen time. Where k process must obtain permission from all processes in the quorum

of the k-coterie to enter the critical section simultaneously and each pmcesnioes not give permission
over k process at any given time. Because there is a disjoint k-quorum, then at most k process can enter
the critical section at a certain time [7].

3. Quorum ems

Suppose th 15 a universe set of processes in a system.

Definitions 1. A set system C = {Q, ..., @} is a collection of subsets Q; € U of a finite universe U. A
quorum system is a set system C that has the intersection property [2].

3. m'o teries
A coterie is a quorum system C that has the minimality property. In addition, a coterie can be defined as
follows: 15
Definition 2. A nonempty collection of sets C 1s a coterie under U if and only if the following properties
are satisfied:
1) intersection property: ¥Q;,Q, €EC, @, N Qy # 0,
2) minimality property: VQ,,Q; €C, Q; & Q5.
The sets @1, @; € C are called quorums [4].
Example 1: Let € = {{a, b}, {a,c},{b, c}} be a coterie of the universe U = {a, b, ¢} because each pair of
quorums in € have nonempty intersections and there is no quorum which is a subset or equal to other
quorum.

Definitions 3. Let €; and C, be coteries in the same universe U. C; dominates C, if and only if
) €, # C,,
2) vQ,€C, 3Q,€C,s.t. 0, CQ,.
A coterie € in a universe U is dominated if there is another coterie in the universe U that dominates C.
If there is no such coterie, then C is a nondominated coterie [4].
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Example 2: Let coteries C; = {{a, b}, {a, c},{b,c}} and C, = {{a, b}, {b, c}} be coteries in the universe
U = {a, b, c}. A coterie C; dominate C, because C; # C, and forany quorum @, in C, there is a quorum
@, in €; such that Q equals Q5.

A nondominated coterie, like €y, is always better than a dominated coterie, like C,, forga quorum
can be formed in the dominated coterie then a quorum can be formed in coterie that dominatesﬂk coterie
is nondominated if no other coterie can dominate it. A nondominated coterie is a candidate to achieve
the highest availability, which is the chance that a quorum can be formed in an error-prone environment.
So, nondominated coteries are a center of concentration if the tolerance of failure is one of the main
concerns.

Theorem | makes it easier to determine if a coterie is dominated [8].

orem l. Let C be a coterie under U. Then, C is dominated if only if there is a set X € U such that
)vQeC, Q<& X,
DVQEC, QNX +=0.
Example 3: Let C = [{a b}, {b, C}} be a coterie under U = {a, b, c}. So, C is dominated because 3 {b} C
Us.t
e {a,b} & {b}and{a b}n{b}={b}
o {bc} ¢ {b}and{b,c}n{b} = {b}
Or because 3 {a,c} € U s.t.
e {a,b}¥ {ac}and {a b} n{a,c}={a}
o {bct<{actand{b,ciniac}={c}

3.2 k-coteries
Definition 4. A non-empty set system C of non-empty subsets Q of U is called a k-coterie if and only if
all of the following three conditions hold:
1) Non-intersection property:
Yh (1 < h <) quorums, @y, ..., 0, €EC,Q; NQ; =0V, j, 1<i#j<h,
IQECs.t.QNQ =0Vil<i<h.
2) Intersection property:
V1> k quorums, @4, ..., Q; € C,3Q; Q; s.t.%ﬂ Q;#0Vijl<i#j=<L
Minimality: ¥Q;,Q; € C, @; € Q.
An element @ of k-coteries C is called a quorum. Note that |-coterie is a coterie, and because of that, a
k-coterie concept is an extension of a coterie [7]. 1
By non-intersection property, if there is angmpty entry of a critical section, then a waiting process
to enter a critical section can be processed. The intersection property ensures that no more than k
processes can form a quorum simultaneously, so that no more than k processes can access the critical
section at the same time. The minimality property for k-coterie is used to increase efficiency [9].
Example 4: Let € = {{a, b}, {a,a{u, d},{b,c},{b,d},{c,d}} be a 2-coterie in the universe U =
{a, b, ¢, d} because the set system satisfies the following three conditions:
1. Non-intersection property: Take any Q = {a, b} € C, there are elements Q" = {c,d} € C such that
0nQ' = {ab}n{cd} =0
2. Intersection property: Take any three elements {a, b}, {c, d}, {b,d} € C, there is a pair of elements
{c,d}, {b, d} such that {c,d} n {b,d} = {d}
3. Minimality: Take any {a,c}, {b, ¢} € C such that {a,c} & {b, c}.
Definitions 5. Let €; and C, be k-coteries in the same universe U. C; dominates C, if only if
1) C; #Cy,
2) vQ,€C,,30Q, €Cy s. t.a CQ,,
A k-coterie C in a universe U 1s dominated if there is another k-coterie in the universe U that dominates
C. If there is no such k-coterie, then C is a nondominated k-coterie [10].
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Example 5: Let
¢, = {{a}, {b, ¢}, {b,d}, {c. d}}
and
C, = {{a,b},{a,c},{a,d},{b, c}, {b,d}, {c, d}}

be 2-coterie in the universe U = {a, b, ¢,d}. So C; dominates C, because C; # C, and for any quorum
@, in C, that there is a quorum @, in C; such that Q; subsets or equals to Q. Therefore, there are no
another 2-coterie in the universe U that dominates C;, so C; is a nondominated 2-coterie in the universe
u.

The simple method to determine a dominated k-cotegygis in the theorem 2 [10].
Theorem 2. A k-coterie C in a universe U is dominated if and only if there is a set X € U such that
1) VQeCQZX,
2) Vk{Q1, .. Q}CSCQNQ =0 Vijl<i#j<k QnQ;=03i
Example 6: Let C = {{a}, {b, c}, {b, d}} be a 2-coterie in a universe U = {a, b, ¢, d} is dominated because
there are set {c, d} € U such that
Take any {b,d} € C, {b,d} € {c,d}.
2. For any collection of two disjoint quorums, {{a},{b,d} € C}, then {c,d} n {b,d} = {d}

A nondominated k-coterie is more resilient to interference. The reason can be understood through
the example 7.
Example 7: Let €, be a k-coterie that dominated by C;. Thus, each quorum in C, contain a quorum of
C,. Let U = {1,2, 3,4, 5,6} can be construct the following 2-coterie C;:

C,={{1,2},{1,3},{2,3},{1,4,5},{1,4,6},{1,5,6},
{2,4,5},{2,4,6},{2,5,6},{3,4,5},{3,4,6},{3,5,6}}
Note that the 2-coterie €, is dominated by the following C;:
€, ={{1,2},{1,3},{2,3},{4,5},{4,6}, {5, 6}}.

Furthermore, €, can be said to be more resilient to process failure. This can be explained through the
example 7, if all processes 1, 2, 3 failed/ corrupted, then a quorum cannot be formed by C,, but a quorum
can still be formed by C;. For this reason, a nondominated k-coterie provide the availability higher than
the other comparative [10].

4. Coterie Join Operation

The coterie j@operation is used to combine non empty coteries to construct a new larger coterie.
Eﬁnition 6. C; and C, be coteries in the universe U; and U5, respectively, where U; N Uy = @. The
coterie join operation with input €, and C, gfjerate a new coterie €3 = T,.(Cy, C;) in the universe U, =
(Uy — {x}) U Uz, where C3 is constructed by replacing each process x € U; in quorums of C; by
processes in a quorum of C, which is defined as follows [4]:

— _ _((Q—xPhuQ; jikax€Q }
€ =€ C) = {Q 0= { Q1 lainnya 01 €€, Q2 €Ly
Example 8: Let €; and €, be coteries in the universe U; = {1,2,3} and U, = {a, b, c}, respectively, as
follows:

¢, ={{1,2},{1,3},{2,3}}
€, ={{a, b}, {a,c},{b,c}}
For x = 2, T, (€4, C;) = C, where C is coterie of U = {1,3, @, b, ¢}, and C is constructed by replacing
each process x of a quorum in €, by quorums in C,. So, a new coterie C is obtained

=7, ¢)={ofo={@ T BIVE JIZCA 4 ¢ c o, ec,)

Q, lainnya
So,

C={{1,a,b},{1,a,c},{1,b,c}{1,3},{3,a b}, {3,a .} {3,b,c}}

P
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5. k-Coterie and Coterie Join Operation

In replacement of a set X on a quorum @, there are two conditions that may occur is |X| > |Q] or |X] <
|@]. If |X| > |Q|, then the quorum @ is only reduced by several processes in X that is contained in Q.
And if [X| < |Q|, then a quorum can be reduced by X.

Definitions 7. Let €y be a k-coterie in the universe Uy and C4, ..., C,,, be coteries in the universe
Uy, .., Up, respectively, where U; N U; = @ for 0 < i # j < m. The join operation of ak-coterie €y and
coteries Cy,...,C,, generate a new k-coterie €= Ty(Cy, Cy,...,C,,) in the universe U = (U, —
X)UiZ,uU;, where C is constructed by replacing each process X = {xy, ..., X} € Uy in quorums of
Cy by processes in a quorum of €, ..., Cp,, which is defined as follows:

C =Ty(Cy Cq, ..., C,)

( ((Qo — {x1, -, XD Uj21 Q) X1, -, Xm € Qg
(Qo— {x1, ) UQy U Qy, .xl-x2 € Qo; X3, s X & Qo
={wlw ={ (Qo — {xm}) Y Qm, :xm € Qo; X1, -, Xm-1 € @ '
(@ — {x2H uQy, Xz € Qo; X1,X3, X4 -, X & Qo
(Qo—{x1 D vy, X1 € Qo; Xz, ., Xm € Qo
Qo, X1, Xm & Qg

Qo €Cp, 0 ECy,..,0m ECy,

Example 9: Let Uy = {1, 2,3}, U; = {a,b,c},and U, = {d, e, f} define input coteries C; in the universe
Uy, €4 in the universe U;, and €, in the universe U, as follows:

Co={{1,2},{1,3}, {23}

€, ={{a, b} {a,c},{b,c}}

C; = {{d e}, {d.f}{e.f}}

For X ={1,3},Tx(Cy, €4, C;) =C, where C is a coterie of U= {2,a,b,c,d, e, f}, and C is
constructed by replacing each process X in quorums of € by processes in a quorum of €; and C,. So,
a new coterie C is obtained
C=Tx(Cp G, Cy)

(@ —{1,3DUQ,UQ, 1,3€Q,

_ _ )@ —{3DH U@, 3elplél
={W W = (Qg—{l})UQl. 1EQD;BQQU'QDECU'Qlecl'QZECZ
Qo 1.3¢ Qo

So,
C={{a,b,d,e},{a,b,d f}{ab,e fl{acde}{acdf}{ace f}{becde}li{bcdf}
{bce,f1{2,a,b},{2,ac}{2 bc}l{2.d e} {2,d,f}.{2, e [}}
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Example 10: Let Uy ={1,2,3,4},U; ={a,b,c},U; = {d,?f}, Uz ={g, hij} and Uy = {k,|,m, n}
define input 2-coteries Cqy in the universe Uy, € in the universe U;, €5 in the universe U,, €5 in the
universe Us, and €, in the universe U, as follows:
Co ={{1,2},{1,3},{2,3}, {4}}
= {{a,b},{a,c}, {b, c}}
={{d e}.{d fL.Le.f}}
C; ={{g, 1} (9.3 {9, /3, (h. 1.1}
Cy = ({1}, Tk, m}, (e, ), (L m, ),

a. For X ={1,2}, Ty(Cy, €y, C;) = C, where € is a 2-koteri of obtained U = {3,4,a,b,c,d, e, f}, and
C constructed by replacing each process X in quorums of €, by processes in a quorum of C; and C,.
So, a new 2-koteri C is obtained
C =Ty(C, Cyp, Cy)

@—{1,2})UQIUQ2. 1,2 €Q,
={Wwlw = D_@UQZ' ZEQDrlﬁQD

- Qo - {1D UG, 1€Qp2€Q, %
Q[]: 1 2 e Q[}l

€Co,0:1€C,02 EC,

So,
={{a,b,d, e}, {a,b,d, f}{a be f}{acd e} {acd fL{ace f}ibcd e}, {bcd [},
{bcef}{3,ab}{3ac}{3bch{3de}{3,df}{3ef}{4}}

b. Fo?z {1,2,3,4},T4(Cy, Cy,C5,C3,€)=C, where C is a 2-coterie of U=
{a,b,c,d,e.f, g, h,i,j,k,I,mmn}, and C constructed by replacing each process X in quorums of Cg
by processes in a quorum of C;, €5, C4, and C,4. So, a new 4-coterie C is obtained
C = Tx(Co Cy,C3,C5,Cy)

(Qo—{2,3DUQUQ;, 2,3€Qp 1,4€0Q,

(m_ {1L,3DUQ,VQs, 1,3E€Qu; Z-m Qo

(Q—{L2DUQVQ;, 1,2€Q;34€Q

Qo — {4V Q, 4€0Qy;1,23¢0Q,

QD € CD' Ql € Cl'ge CZJ Q3 € C3J Q4 € c!lv

So, a
={{d,e,g,h}, @9!}&1991}{dBhu}{dfgh}{dmg!}{dfgj}{dfhu}
{e.f.g.h}{e f 9.0 {e f gy} {e f.hij}{a b g h}{abg i}{ab gggy{a b hi },
{a,c.g h}{a.c.g.i.{a,c.g.j}h{a ¢ hi,j} (b, ¢, g.h}, {b, ¢, 9.3}, {b,c. 9.} (b, ¢, b, L, ]},
{a,b g} {a, b d, f}.{a,be [} {a,cde}{acdfl{ace f}{bcde}{bcdf}
{b.c e [}, Uk, 1}, {k, m}, {k,n}, {L,m,n}}

6. The properties of k-Coterie and Coterie Join Operation
Let Cqy is a k-coterie in the universe Uy and C, ..., C,, is coterie-coterie in the universe Uy, ..., Up,
respectively, where U; NU; =@ for 0 < i # j < m. Suppose that C = Tyx(C,,Cy,...,C,,) is in the

universe U/ = -X)uU, V..U Uy, where X = {xq,..., X} € Up.
Theorem 3.C 1s a k-coterie in the universe U.
Proof:

We will show that C satisfies the three conditions of a k-coterie in the definition 4.
1) Non-intersection property
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2)

3)

Cp is a EFgoteric means €y satisfies a non-intersection property, that is for any h (1 < h <k)
quorum Qgq, ..., Qon € Co. Qo N Qp; =@ forall i,j, 1 <i=+ j<h,there is aquorum @, € C,
sothat Qg N Qg; = Pforalli,1<i<h.

Taken any h disjoint quorums W, ..., W), € C that is constructed by replacing each process X =
{x1, ., Xg,) ooy X, oo, X } © U within each h disjoint quorum Qg 4, ..., Qo € Co by quorums Q; €
Cy, 05 €Cy, nQu € Cpy e Qp € Cpyy oory O € T

If then|X| < |Qy,l

W = (-0 Je
i=1

Wy =02
Wh  =0Qoh
And if, then|X| > |Qy ;|
a
W, = (Qm = {x, ----xa}) U Qi
i=1
m
Wo = (Qom =, xmd) | ] @2
i=b
W1 = Qom+r
We =63
Because of U; nU; = @foralli,j, 0<i# j<m,then @Q; N @ foralli,j, 0<i#j<

m. Therefore Qp; N Qpj= @ foralli,j,1<i=j<h,then W f=@foralli,jl1<i=j<
h. There is a quorim W = Q, € Cso WNW; =QyNQp; =D torall i,j,1 < i+ j < h. So, for
each quorum Wy, ..., W, € C has non-intersection property.
Intersection property
C, is ak-coterie means C, satisfies the intersection property because there is only k dig#int quorums
in €y.That is, for any I > k quorums Qg 1, ..., Qo € Cy, there is a pair of quorums @y ;, Qp, ; such
that Qg; N Qg ; # 9.

Taken any [ quorum W, ..., W, € C that is constructed by replacing each process of X =
{x1, ., X} € Up inany | quorum Qg 4, -E’M € Cy by quorums @, € €C,Q, € Cy, ..., @ € Cppp.

Therefore, there is a pair of quorums Qg ;, Qg ; such that Qy; N Qg ; # @, then there is a pair of
quorums W;, W; such that W; N W; # @. Thus, for any I quorum W,, ..., W; € C has intersection
property.
minimality
C; is k-coterie means C; satisfies minimality, that is for any Q; 1, Q;2 € C, Q;1 € Qi for0 < i <
m. Suppose that @y € Cg, Q4 € Cy, ..., @y, € Cppp. Because of U;N Uy =@ foralli,j, 0<i#j<
m, then @;NQ; =9 for all i,j, 0<i+*j<m. So, Q; £Q; for 0<i #j<m. For each
Qo,i» Qo,j € Cq is constructed any quorum W, W; € €, which is as follows

m

W= (0o =) | J 0a
a=1

W = (20— 00| Ju.
bh=1

where X = {x3,..,xp,}and Q; € €1,Q; € Cy, ..., Oy € Cpy.




The 3rd International Conference On Science IOP Publishing
Journal of Physics: Conference Series 1341 (2019) 042020  doi:10.1088/1742-6596/1341/4/042020

Therefore Qg1 € Qo2Q11 € Q120 -1 Qm1 € Qmp@ € Qj for 0 <i+#j<m, then W; £ W,
Thus, no quorum is a subset or equal to another quorum.

Thus, three conditions of a k-coterie are satisfied, then C is a k-coterie in the universe U.

Theorem 4. If Cg, C4, ..., C,;, is nondominated, € is nondominated.

Proof:

Assume that € 1s doneated that means there is a set R € U such that

I. VWeEGCW ZR and

2. for any k collection of disjoint quorums {W;,..., W} C C, W,NR #@for1<i<k.

Because Cg is nondominated that mean there is a quorum Qy € C; such that @, S R,. Likewise, C;

is nondominated that mean there is a quorum @; € C; such that Q; € R;, where R; = R n U; forall

i,1 < i< m. An analogy Ry, is adjusted by the existence of a quorum of coterie C,, ..., or C,,inside

R.
To obtain a contradiction, we will show that there is a quorum W' € C such that W’ € R.

1. For xy, ..., Xy & Qp. Suppose Ry = RN Uy. Suppose W' = @, then W' € C. Because @y S Ry
and Ry, € R, this shows that W' C R.

2. For ACX, ACQq, and (X—A)NQy=0. Suppose Ry = (RUA)NU,. Suppose W' =
(Qo — A) U; Q;, then W' € C. Since Qy € Ry, Q; € R;, and (Ry — X) U; R; € R, this shows that
W' cR.

Therefore, there is a quorum W' € C such that W' € R. Thus, C is nondominated.

7. The Analysis of Availability

The availability of a coterie is a chance that at least one procesa is still able to access the resource. While
the availability of k-coterie is an opportunity that at most k processes can access resources, where k =
1.

Definitions 8. Suppose C is a k-coterie in the universe U, and « (1 < « < k) are integers. The (k, «)-
characteristic function Fg  , of C is a function from 2Y t0 {0,1} defined as follows:

ForeachS € U, F¢ . o = 1 if and only if there is a quorum @y, ..., @, € C satisfy both of the following
conditions:

1) @;nQ;=0forandl <i,j<a i #],

2) Vi, Q;SS.

Dgfinitions 9. Suppose C is a k-coterie and « (1 < @ < k) be an integer. The (k, a)-availability
Ao (C) is the probability tl'q-.at least a processes can enter a critical section. Let S be the set of
processes that be operating. The probability that the set of processes that be operating exactly S is
pPI(1 = p)*151. So, the (k, a)-availability of a coterie € is [7]

4;,(C) = Z F,o(S)PpS1 (1 — p)n-1sl,
scu -
Contrast A (C) is defined dual availability coterie C, DA, (C), as the probability that S consists
of @ quorums in C. Because of that is obtained [11]

DA o (C) = Z Feia S)pP!(1 = p)mIsl,
SEU

Based on availability, a dominated k-coterie is revised as follows. 3
Theorem 5. A k-coterie C in the universe U is dominated if and only if 3H < U such that the following
properties are satisfied:
1) VOECQZH,
2) For any collection of k disjoint quorums {Q1,Q5,...,Qx} € C,Q; & Hfor1<j<k

Through the availability requirement, it can be shown that k-coterie is nondominated.
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Theorem 6. A k—%erie C is nondominated if and only if Vp, Ay g=1(C) + DAy q= (C) = 1.
Proof:
We will show that if a k-coterie C is nondominated then Vp,Ay =1 (C) + DAy 4=, (C) = 1. By
contraposition, supposing 3p, Ay g=1(C) + DAy g, (C) # 1.
It is known that VS € U, one of F(S) = 1 or F(§) = 1 but not both.

Therefore,
At=1 (©) + D@ = ) [Fosems (5) + Feam $)]pI1 (1 = )19 < ploi(1 =y
scu ScU
Because
VP_ Z plsl(l —_ p)n’_lsl = 1_
Scu ~
If A =1 (€) + DAy g ic(C) # 1 then 3S C U, F(S) = 0AF(5) = 0.
That is,

IS U,(vQ € C,Q & 5) A (For any collection of disjoint k quorums {Q4, @3, ..., @} € C, Q; & S for
1<j<k)

From theorem 5 is known that € is dominated. 10
Furthermore, we will show that if ¥p, A 4=, (C) + DAkJa:k(C)ml, then C is nondominated. By
contraposition, sup C is dominated. Then, by Theorem 35, there is a set H that satisfy
(VQ € C,Q & H) A (For any collection of disjoint k quorums {Q;,Qz, ...,Q,} S C,Q; €Hfor1 <j <
k) that is F(H) = F(H) = 0. As the result, ¥p,

Ata=r () + DAg(© = ) [Foeama (8) + Frami (D10 = )1
scu
- Pl pri= 1

Scu
Example 11: From example 10a is obtained a new 2-coterie

C={{a,b,d, e} {a,bd f}{ab,e f}{acde}{a,cd f}{ace }{bcd e} {bcd,f}
{b,ce,f1{3,a,b},{3,a,c}{3,b,c},{3,d,¢},{3,d,f}.{3,e, f}, {4}}

Forp = 0.1,
AZ,l({C) = Z Fc,2,1(5)19|5‘ (1- P)n_lsl
Scu

= (0.1)1(0.9)7 + 7(0.1)%2(0.9)® + 27(0.1)3(0.9)° + 64(0.1)*(0.9)*
+56(0.1)°(0.9)% 4 28(0.1)°(0.9)?
+8(0.1)7(0.9)* + (0.1)8

=0.04782969 + 0.03720087 + 0.01594323 + 0.00419904 + 0.00040824
+0.00002268 + 0.00000072 + 0.00000001

=0.10560448

DAz (€) = ) FeazG)pI(1 - p)n-1l
scu
= (0.9)% + 7(0.1)1(0.9)7 + 21(0.1)2 (0.9)® + 29(0.1)3(0.9)° + 6(0.1)*(0.9)*
= 0.43046721 + 0.33480783 + 0.11160261 + 0.01712421 + 0.00039366
= 0.89439552

Furthermore, Table 1. shows A, ;(C) 4+ DA, ,(C) = 1 from example 11.
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Table 1. The Sum of (2, 1) -Availability and (2, 2)-Dual Availability of C

p 1-p Ay 1(C) DAz ,(0) Ay 1(C) + DA, »(C)
0 1 0.00000000 1.00000000 1.00000000
0.1 0.9 0.10560448 0.89439552 1.00000000
0.2 0.8 0.23847168 0.76152832 1.00000000
0.3 0.7 0.40378368 0.59621632 1.00000000
0.4 0.6 0.58382848 041617152 1.00000000
0.5 0.5 0.75000000 0.25000000 1.00000000
0.6 0.4 0.87744768 0.12255232 1.00000000
0.7 03 0.95552128 0.04447872 1.00000000
0.8 0.2 0.99038208 0.00961792 1.00000000
0.9 0.1 0.99937728 0.00062272 1.00000000
1 0 1.00000000 0.00000000 1.00000000

Therefore Vp,Azjl-((C) + DAZ,Z (€) = 1, C is nondominated. This is true vice versa.

8. Conclusion

The k-coterie and coterie join operation is provided to build a new larger k-coterie, C, so that the
availability of k-coterie increases. Construction of a new k-coterie is done by replacing the set of m
processes in the quorum in k-coterie by processes of quorums incoter‘ie from the universes that do
not intersect. Through analysis of availability, itis obtained that k-coterie C is nondominated if and only
if vp-Ak,azl((C) + DA q=x @©=1
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